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Toric Varieties
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Toric Varieties

characters
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Toric Varieties

half spaces

Hus = [u( <+
,
a) 03 = M

divisors

Spec (C[t/neHrso]) = Xv > T

& IT = Dr = Tre*
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(5) = valu (f)



Toric Varieties

Fans

fix a set of primitive v.
--- vnEN

for d = Ev, ,
--

, vn3

& = IRz0 & vi = 23

A fan [ on Ev .
... un3

is a set of I such that

Enup is a face of 02
, op

Any fure ofO [ is in [



Toric Varieties

Fans T-equivariant normal
partial compactifications
of T
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Toric Varieties

Polyhedra in M@IR Spaces of global sections
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Toric Varieties

X[ proper : [ complete

smouth : [ "Smooth"

projective : [innew normal far
of a polytope

- class group
- Picard

group

convexity in MOIR 1) regular functions

global sections

on XI





Beyond Toric Varieties

- flag varieties , spherical varieties

coloured fars
, crystal bases

- T varieties dimT < dim X

polyhedral divious, divisorial fans

- Toric rector bandles

#lyachto data,
Parliaments of Polytopes

- Mori Dream Spaces

Bunched wings



Generalizing Toric Combinatories
Toric Degeneration (M-sida)

(E, ]) I relatively ample

↓ flat
, Com-equivariant

Al

-(1) = (X,
2) +

+ (v) = (Xg . [p)
Toric

(x, 1) = (Xa
,2n)



Generalizing Toric Combinatories
Toric Degeneration (M-side)

Karch ,
Mi

(x, 1) = (Xa
,2n)

corresponds to

o Trop (*)



Generalizing Toric Combinatories
Toric Degeneration (M-side)

Escobar
, Harada :

Let (X,
2) => (Xa..

&D
. ) , (XAc , 2Br)

A : M
,OIR , Act McGIR

correspond to 0, = Trop (X)

with 0
, 00 a facet of O

,
% .

Then There is a piecewise linear map

M2 : M
,
@R -> M

>
OIR

with Mc (A .
) = Du

Piecamise Linear maps between polytopes
- Petrucci : Modali of Fanos

- Ilten : Complexity1 T-varieties



Generalizing Toric Combinatories
Tropical Skeleton (N-side)

~ Gross
, Hacking, Feel

UTi = I
I open

Ti = Nic <
*

The birational equivalences [:= TJ
induce piccewise linear bijections

Mij : Ni ->Ni

Cluster Algebras merge those stories
- Rietsch

, Williams

- Bossinger, Cheung , Magee , Najera-Chavez





Polyptych Lattices

M = &Mi , Mij) it13

Mi =

Mij : Mj- +Mi piecewise linear bijection

MijoMiR :

Miz cocycle condition



Example

Miz(a,b) = (a, b- min[a , 03)

M(x , y) = (x , y + min(x , 03)

> 2

L

M
. Ma



Polyptych Lattices

Elements

I = UMi/Mis(u) -m

MNOIR real elements (MiDIR)

Chart maps

4 : m -> M :

Chart Addition

m
. +, mc

= & (tim , + m2)



Convexity
"Chart-wise convexity"

C :MOR is chart wise convex

If di C is convex itI

Lines
1 :MHOI is

a
line segment it:l is a

straight line sayment for some chart Mi

2 chartwise convex

#

u
,
ve( n
v = l = C



Example

M
. Ma

All



Points

p
:m-> T

p (m . ) + psmz) = MINGp(m+imz)/i -I}

# (tr) : setof points

For
any petan) ,

fi : m-> Mi

phi is piecewise lineary convex on Mi.



Pointwise Convexity

Hpic= m/ plm)a} ! MOR
is chart wise convex .

- pour(C) = & Hon
C= Hp,

a

· C is "pointwise convex if C = pcour(C)



Example

M
. Ma



Canonical Semialgebra

Sere isRe Somigroup

= Eam] /materi =P]
of pcour(x) =

prov (4) 3

with product

Swi]* [mz] = @ [m ,
+i mz]

itI

* is commutative and associative

Sar is an idempotent semiring



Dual Polyptych Lattices

Pay-set of functions :H-7

such It diX : Mi -> *

is picceose-linear, convex .

th
,
N are dual if

San = Por - ITIN)

Sau = Pan WES(c)

Including a pairing

Nym -> 7

n
,
m> <n

,
m>



Dual Polyptych Lattices

M is finite type if 11K*
For I finite type let 52

denote the common refinementof

The subdivisions defined by Mij
into domains of linearity.

Thm : I f Ir is finite type
then 92 has a deal N iff

& EachMij is convex .

② Each YEIS is pointwise convex.

& is finite and unique
up to isomorphism .



Dual Polyptych Lattices

Example (Escobar, Frins-Medina, Harada , Magee, M)

Let A be a finite type
cluster algebra with U = Spec(A)

Trop (U) is a self-dual polyptych lattice



Dual Polyptych Lattices

Example
r

,
d 2

Mr
,
d

Mrd(i) = Model = &(a, ,
. .

-

, ar
,

b, . . . 5
: - - bd)3

(a ,
b ..

· 5: -- bl)

↓ Misc
&, b .

- bir
,
min (a) - [b,bix - - Ei

.
. . . ba)

Mid and Mar are dual.

X
..

- - Xp - y ,
- - - yd



Geometry and Detepicalization .

M = a finite type Polyptych Lattica

&: dual ofAll

Combinatories Geomatry

N-lattice Ta

N-polyptych ?
InHich



Geometry and Dotepicalization .

A/4

~A-> Save is a valuation if

① v (fy) = v(f)* v(y)

② (f+y) 30/f) @v(g)
⑤ + ((f) = o(f)(e *

④ (0) = o

A is a Detropicalization of M
ifThere is a valuation

v : A -> Sure

such that for every su] Son
Dere is

a fintA with Olfm) = [m]
·



Geometry and Dotepicalization .

Example
If I has one chart.&W

So =
convex piecewise linear
functions of (2) *

[ct" -> MING( ++((- ,x}
Maties #[i] a detropicalizationof

W



Example

G[X
, y ,
t

=]/xy - t - 1

Miz(a,b) = (a, min(a , 03 - b)

M(x , y) = (x , y + min(x , 03)

> 2

L

M
. Ma



Geometry and Detropicalization

J
,
I finite

,
dual

.

Let A be a detrpicalization of &M .

Let 9 = Spec(A) .

- For every chart M : There is

a flat degeneration

2= F
Mi

= Hom (Mi
,
<*)

-) For every
chart N; There is an

open
tors Nj@*: TN; -> I



Geometry and Detropicalization

J
,
I finite

,
dual

.

Let A be a detrpicalization of &M .

Let 9 = Spec(A) .

-> The subset [fulmehe : A is a basis

-> There is a finite generating set B :A
.

A is normal
,

- Each neN defines an

integral valuation valu : A ->



Geometry and Detropicalization
I

,
I finite

,
dual

* a detropicalization ofThe

A :I is a polytope if PiD is a

polytope for all itI

If of D "Ther

- A is chart courex and point convex

- There is a projective compactification
M = XA

- XA19 : D. ... u De where

ord
Di

= Valni ,
D:Hi



Geometry and Detropicalization

M
,
N finite

,
dual

,
A a detropicalizateofM

B - the distinguished generating set of A

Let 0 = Ens
--

, nez =N

For
every X

= P
, B&B More is

a subset B
=& N (finite unive of polyhedral

"weak face" associated to X
,B .

A collection [Ep 3 : [ is
a "weak fan" if :

① Gape[dat,B-p' Th Gip't [
② Gui = Git [



Geometry and Detopicalization
M

,
N finite

,
dual

,
A a detropicalizateofM

A is a UFD.

B - the distinguished generating set of A

P = En .. --

,
ne3

,
[a fan or B, P

- There is a normal scheme X2 -4

XI = D
. v .... De

with ord D:= Valni

- Each weak face E
,Be[

determines an office open Ucp = X[



Geometry and Detopicalization
M

,
N finite

,
dual

,
A adotropicalizateofM

A is a UFD.

B - the distinguished generating set of A

P = En .. --

,
ne3

,
[a fan or B, P

- Xg is propor It VOLB =
Ept[ & is complete

- Global sections of divisorsE) Polytopes

↑ (a,
D

.
+ ... + apDe) = 69fmImoA3

= Her,ai



Geometry and Detopicalization
M

,
N finite

,
dual

,
A adotropicalizateofM

A is a UFD.

B - the distinguished generating set of A

P = En .. --

,
ne3

,
[a fan or B, P

- A polytope D =T Defines a dual for [D1
* is projective if [ : @@ for some D

- In this case there is a toric degeneration

(Xc , [n) = (X4:01248) for each isI

- es(X)
,
Pic(X2)

,
NEF(Xc)

,
EFF(X)

smorthness can all be computed from I, 2



Geometry and Detopicalization
M

,
N finite

,
dual

,
A adotropicalizateofM

A is a UFD.

B - the distinguished generating set of A

P = En .. --

,
ne3

,
[a fan or B, P

Let X291 with XXI = D
,
r - - o De

and
D:

= Valn ;

Then X = XC for some far [ .



Example
PCf, ,52 ,

fi
.
54

,]/
T

Su+53

Ez
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&

+54

55s

f
,



C = ROZ

Pic = [(7
,
8) + T(8,

-7)

Cox Ring !
2 , 24-70-tity

%0 % - 1 ,
t -t?

& [1,
,
Ra

, 43, y,g,

t
,tr]

1 . %3 to 42
t

,

2

7244 - t . 73
- E

73 % -tiny - t
24

13
t

D NEF
*

⑤ ·

⑨ tu
*

*

Eff

M2

2 ,





I :X

- What is the dual ?

- What is the fac ?



-Toric AmbientModification

Let Bl XI be a blow up at

Din --- Dir = 2XE

Troo the components of the exceptional

can be word of n
,
0 - - *Mik

- Cox Ring of XI
- finitely genated ,

polyptych &x1? ring



Geometry and Detropicalization
I

,
I finite

,
dual

*
m a detropicalization of TH , Man = Spec(Am)

Ar a detropicalization of IV, Her : Spec (AN)

Rietsch-Williams pair :

For
every - Ag Here is a

Polyhedron As I

and a divisorial compactification X-24
also vice-versa


